On Pad́ Approximants To Virial Series by Guerrero A.O. & Bassi A.B.M.S.
On Padé approximants to virial series
André O. Guerrero and Adalberto B. M. S. Bassi 
 
Citation: The Journal of Chemical Physics 129, 044509 (2008); doi: 10.1063/1.2958914 
View online: http://dx.doi.org/10.1063/1.2958914 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jcp/129/4?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
Computation of virial coefficients from integral equations 
J. Chem. Phys. 142, 214110 (2015); 10.1063/1.4921790 
 
Third and fourth virial coefficients for hard disks in narrow channels 
J. Chem. Phys. 140, 244504 (2014); 10.1063/1.4884607 
 
The dielectric virial expansion and the models of dipolar hard-sphere fluid 
J. Chem. Phys. 126, 194506 (2007); 10.1063/1.2736370 
 
Higher virial coefficients of four and five dimensional hard hyperspheres 
J. Chem. Phys. 121, 6884 (2004); 10.1063/1.1777574 
 
Virial coefficients and equation of state of hard chain molecules 
J. Chem. Phys. 119, 7512 (2003); 10.1063/1.1607913 
 
 
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
143.106.108.169 On: Fri, 19 Jun 2015 14:46:02
On Padé approximants to virial series
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Padé approximants have long been used to predict virial series coefficients and to provide equations
of state for low and high density materials. However, some justified criticism has appeared about
this procedure. Although we agree to impose several restrictions on the use of Padé approximants,
we indicate that the Padé approximant is still an excellent way to predict the first unknown virial
series coefficients. As an example, we report a calculation of the B11=128.6 and B12=155 virial
coefficients of the three dimensional hard sphere model that are in excellent agreement with the two
most recent estimates. We also consider that the commonly used method to choose among Padé
approximants is not completely reliable for this specific application and suggest an alternative new
method. © 2008 American Institute of Physics. DOI: 10.1063/1.2958914
I. INTRODUCTION
According to statistical mechanics, the virial series is the
unique equation of state, which is exact. For three dimen-
sional 3D hard spheres, B2, B3, and B4 were analytically
calculated by van der Waals,1 Boltzmann,2 and Van Laar3 at
the end of the 19th century. Even now, there do not exist
analytical expressions for hard sphere coefficients higher
than B4. The first Monte Carlo4 numerical calculation was
published by Metropolis et al.5 in 1953. The first 3D hard
sphere value for B5 appeared a year later.6,7 In 1964 Ree and
Hoover8 proposed the presently used modification of May-
er’s method to calculate virial coefficients, published in their
book of 1940.9 Using this modification, Ree and Hoover cal-
culated B6 Ref. 8 and B7.10 However, B8 was not known
until 1993,11 the B9 value appeared in 2005 Ref. 12 and B10
in 2006.13 There are millions of multiple integrals that con-
tribute to B10 and this number increases more than exponen-
tially for B11.
12,13 The computational difficulties related to
the calculation and the efficient handling of such a huge
quantity of multiple integrals explain why the “exact” values
of higher order coefficients are presently unknown. Note that
we will use the word exact to include virial coefficients val-
ues calculated both analytically and numerically by Mayer’s
method as modified by Ree and Hoover.
Thus, approximate values for virial coefficients have
been calculated for a long time to derive equations of state of
hard sphere fluids. The most used method is Padé
approximants,14 but other approximation methods have also
been used, such as the maximum-entropy approach,15 the
Padé approximant corrected by effective exclusive volume,16
the density functional method,17 the summation of series by
continued exponentials,18 equations of state based on
molecular-dynamics data,19 and the differential
approximants,13 among others. Some of these methods con-
sistently claim conceptual advantages over the Padé approx-
imant. However, the latter remains a very useful method be-
cause, even though it is the simplest one, it has predicted
virial coefficients as well as any other approximate method.
Reliable approximate values of virial coefficients with order
higher than 10 are very important because the first ten coef-
ficients are not sufficient to see the true asymptotic behavior
of Bj for large j; thus they are not sufficient to determine the
radius of convergence of the virial series.13 Moreover, it may
be for large j that Bj can become negative for 3D.8,12,13 If this
happens, the first ten virial coefficients are wholly inadequate
to obtain the radius of convergence of the virial series.
The development of liquid and vitreous state thermody-
namics includes knowing high order virial coefficients be-
cause liquid and vitreous densities are so high that, for de-
scribing these matter states, the series cannot be truncated at
its lower order terms. In the region of the conjectured20 ther-
modynamic vitreous transition, the kinetic transition prevents
observation. However, a possible criterion for asymptotic be-
havior of Bj is valid for j12.13 Thus, in this work we
investigate the reliability of Padé approximants to predict the
values of B11 and B12.
II. CALCULATIONS
A. On the approximant construction
The compressibility factor virial expansion may be a
power series of , the volume fraction occupied by the hard
spheres supposed to represent the material particles. Thus,
PV
nRT
= Z = B1 + B2 + B32 + B43 + ¯ . 1
Given the first L+M +1 virial coefficients B1
=1 ,B2 , . . . ,BL+M+1, it is assumed that the series may be ap-
proximately represented by a polynomial division, where the
numerator has order L, for 0LL+M, and the denomina-
tor exhibits order M, for 0ML+M. This quotient is
symbolized by L /M and named a Padé approximant, so
thataElectronic mail: bassi@iqm.unicamp.br.
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L/M 
l=0
L al
l
m=0
M bmm
. 2
Imposing b0=1 in Eq. 2, L+M +1 differing polynomial
fractions may be obtained for the same L+M +1 first virial
coefficients. For example, if L+M +1=4 one may calculate
the 0 /3, 1 /2, 2 /1, and 3 /0 approximants. For each
approximant, ai and bi coefficients are determined so that the
first L+M +1 terms in the Taylor expansion match the B1
=1 ,B2 , . . . ,BL+M+1 coefficients. The Taylor expansion terms
presenting orders greater than L+M are the predicted values
of Bj
p for jL+M +1. Because L+M +1 approximants may
be constructed, and each one may produce a different value
for Bj
p
, L+M +1 predicted values for Bj
p should be consid-
ered. To select the best prediction, the rule of minimum value
for L−M is generally used.
B. On the comparison of approximations
The presently known first ten virial coefficients for 3D
hard spheres,12,13,B1=1 ,B2 , . . . ,B10, may be used to con-
struct nine sets of Padé approximants, respectively, obtained
from the nine sets of coefficients B1=1 ,B2 , . . . ,BL+M+1	, for
L+M +1=2, . . . ,10. The first one, which corresponds to
B1=1 ,B2	, contains L+M +1=2 approximants, the second,
corresponding to B1=1 ,B2 ,B3	, contains L+M +1=3 ap-
proximants, and so on, until the ninth set, corresponding to
B1=1 ,B2 , . . . ,B10	, which presents L+M +1=10 approxi-
mants. For each one of the first eight sets of approximants
that are obtained without using B10, there are L+M +1 values
of BL+M+2
p two values of B3
p for the set of two approximants
obtained from B1=1 ,B2	 , . . ., nine values of B10p for the set
of nine approximants obtained from B1=1 ,B2 , . . . ,B9	.
Thus, for each one of these eight sets of BL+M+2
p values, the
corresponding L+M +1 deviations from the known BL+M+2
coefficient can be compared. For instance, for B1
=1 ,B2 ,B3	 there are L+M +1=3 approximants, so three val-
ues of B4
p
, corresponding to three deviations from the known
value B4, can be compared.
For each one of the first eight sets of approximants that
are obtained without using B10, a graphical representation of
the L+M +1 deviations of BL+M+2
p from BL+M+2 may be
sketched, as shown by the solid lines in Figs. 1 and 2, re-
spectively, for L+M +2=9 and L+M +2=10. The lowest
point on each one of the eight deviation lines from BL+M+2
indicates the best Padé approximant for BL+M+2 within the
corresponding set. Thus, we have a collection  of best
BL+M+2
p values, for 3L+M +210, and a corresponding
collection  of BL+M+3
p values, for 4L+M +311, both
collections resulting from the same selected best approxi-
mants for BL+M+2.
For each one of the seven sets of approximants that are
obtained without using B9 and B10, a graphical representation
of BL+M+3
p deviations from BL+M+3 may be drawn, as shown
by the dotted line in Fig. 1. For the set of nine approximants
corresponding to B1=1 ,B2 , . . . ,B9	 Fig. 2, the deviations
from BL+M+3 cannot be obtained because the B11 value is not
available. As shown in Fig. 1, similar shapes of the solid and
dotted lines appear for each one of the seven sets of approxi-
mants. This similarity indicates that, using the seven dotted
deviation lines from BL+M+3, for 4L+M +310, the best
Padé approximants selected are always those chosen using
the corresponding solid deviation lines from BL+M+2, for 3
L+M +29, but for L+M =1. Note that indistinguishable
predicted values frequently occur, as for the 3 /4 and 2 /5
FIG. 1. Comparison of approximations with L+M =7. The solid line mini-
mum at L=2 indicates that the best approximant for B9 may be 2 /5 and
the corresponding B9p and B10p values are included in the  and  collections,
respectively. The dotted line minimum at L=2 indicates that the best ap-
proximant for B10 may also be 2 /5. The dashed line minimum at L=2
indicates that the best approximant for the B9p value included in collection 
may also be 2 /5. The B9p value corresponding to the 2 /5 approximant is
included in the  collection. Deviations % are from the indicated
quantities.
FIG. 2. Comparison of approximations with L+M =8. The solid line mini-
mum at L=6 indicates that the best approximant for B10 may be 6 /2 and
the corresponding B10p and B11p values are included in the  and  collec-
tions, respectively. The dotted line does not exist because a B11 value is not
available see Table I. The dashed line minimum at L=7 indicates that the
best approximant for the B10p value included in collection B see Fig. 1 is
not 6 /2 but 7 /1. The B10p value corresponding to the 7 /1 approximant
is included in the  collection. Deviations % are from the indicated
quantities.
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values for B10
p on the dotted line in Fig. 1 to define distinct
Bj
p predicted values a fixed threshold may be set, such as a
unit difference in the percent variations from Bj. All graphs
will be provided under request.
Thus, for 2L+M7 the best Padé approximants for
BL+M+2 are also the best Padé approximant for BL+M+3 and
collection  includes the best BL+M+3
p values, in addition to
an outlying B4
p value obtained from B1=1 ,B2	 and an in-
comparable B11p value obtained from B1=1 ,B2 , . . . ,B9	. This
suggests the possibility of using each Bj
p value included in
collection , for 5 j10, instead of the exact Bj value with
the same index, for again choosing the best Padé approxi-
mant for BL+M+2, as done for collection  but now calculat-
ing deviations from these Bj
p values instead of the corre-
sponding Bj values. For instance, within the set of eight
approximants corresponding to the known exact virial coef-
ficients B1=1 ,B2 , . . . ,B8	 Fig. 1, one is selected because
its B9
p value is nearest to B9 and the selected B9p value is
included in collection . The B10p value produced by the se-
lected approximant, which pertains to collection , may re-
place B10 as a parameter for choosing the best approximant
to B10 within the set corresponding to B1=1 ,B2 , . . . ,B9	
Fig. 2. Thus, the dashed line in Fig. 2 may be constructed
and compared to the solid line, which uses B10 as a param-
eter. The dashed line in Fig. 1 was constructed using the B9p
value included in the  collection as a parameter, while the
solid line uses B9.
The set of BL+M+2
p values corresponding to the best ap-
proximants, using as a parameter each Bj
p value included in
collection , for 5 j10, instead of the Bj value with the
same index, pertain to collection . Comparing the dashed
lines to the corresponding solid lines in all graphs, it is noted
that the selected approximants are the same for L+M =5 and
L+M =7 see Fig. 1 for L+M =7. However, for L+M =6 the
corresponding BL+M+2
p values are almost the same and, for
L+M =8, they differ by about 2% Fig. 2. The dashed line in
Fig. 3 indicates the best L+M =9 approximant for predicting
B11, using, as a parameter for the selection, the BL+M+3
p
=B11
p value included in collection  corresponding to the
best L+M =8 approximant for predicting B10 included in
collection  and indicated by the solid line in Fig. 2, instead
of B11, which is not available. The BL+M+2
p
=B11
p value corre-
sponding to the best L+M =9 approximant for predicting
B11, according to the dashed line in Fig. 3, pertains to
collection . Thus, the  collection includes Bj
p values for
5 j11.
C. On the data used
The data used for the calculations are the 3D hard sphere
virial coefficients reported by Clisby and McCoy13 in 2006,
presented in Table I. However, Table I also contains the even
more accurate data reported by Labík et al.12 in 2005. These
latter authors did not calculate an exact B10 value but esti-
mated this value by using an equation of state based on
molecular-dynamics data.19 Perhaps the best virial coefficient
set may be obtained by using the exact coefficients reported
in Ref. 12 and the B10 value reported in Ref. 13, but this
would have only a marginal effect on our reported values and
would not alter any conclusions.
III. RESULTS
Table II contains the  collection of best BL+M+2
p values
and the  collection of corresponding BL+M+3
p values, their
deviations from BL+M+2 and BL+M+3, respectively, and the
corresponding selected best approximants for BL+M+2. Table
III contains the  collection of BL+M+2
p values, their devia-
tions from BL+M+2, and the corresponding selected best ap-
proximants for the Bj
p values in collection , for 5 j11.
Collection  contains values from B3
p to B10
p
, collection 
from B4
p to B11
p
, and collection  from B5p to B11p . For values
from B5
p to B10
p
, Fig. 4 compares the deviations of the three
collections from the exact B5 to B10 virial coefficients. Evi-
dently, collection  contains the best values. However, only
collections  and  contain B11p values for a prediction of the
unknown B11 value. Comparing collections  and  in Fig. 4,
it is seen that collection  is superior for j=5, but collection
TABLE I. The “exact” virial coefficients Bj.
j Ref. 12 Ref. 13
1 1 1
2 4 4
3 10 10
4 18.364 7684 18.364 768
5 28.224 450.000 10 28.224 50.000 3
6 39.815 500.000 36 39.815 070.000 92
7 53.341 30.001 6 53.344 260.003 68
8 68.5400.010 68.5380.018
9 85.800.08 85.8130.085
10 ¯ 105.770.39
FIG. 3. Comparison of approximations with L+M =9. The solid and dotted
lines do not exist, respectively, because B11 and B12 values are not available
see Table I. The dashed line minimum at L=4 indicates that the best
approximant for the B11p value included in the  collection see Fig. 2 may
be 4 /5. The B11p value corresponding to the 4 /5 approximant is included
in the  collection. Deviations % are from the indicated quantities.
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 is better for j=6 and j=7. For j=8 and j=9 the two col-
lections are equivalent, but for j=10 the  collection is better
again. For 7 j9, the graphs for collections  and  are
coincident. This comparison is also seen in Table IV, where
deviations from the exact virial coefficients are presented,
corresponding to collection  of the best BL+M+2
p values,
collection  of BL+M+3
p values, and collection  of BL+M+2
p
values.
IV. DISCUSSION
The reliability of predicted virial series coefficients rap-
idly decreases as the coefficient order increases, because the
a0 , . . . ,aL and b1 , . . . ,bM coefficients in the Padé approxi-
mants strongly depend on the values of the higher order
virial coefficients.14 Comparing deviations of collections 
and  for the same j values Table IV, we confirm this last
assertion except for j=8. Thus, the scatter in the predicted
virial series coefficients due to uncertainties in the Padé ap-
proximants must strongly increase as the order of the coeffi-
cient increases. Thus, if the highest order virial coefficient
given is Bj, it is possible to have an excellent predicted value
for Bj+1, as indeed obtained by many authors, for instance,
Ree and Hoover in 1964.8 Their Padé approximant produced
B7=52.02, which is only 2.5% below the 53.34 very precise
value12,13 in Table I. However, an excellent predicted value
for Bj+1 may correspond to an incorrect equation of state
to an incorrect approximant and to increasingly erroneous
predicted values for Bj+2 ,Bj+3 , . . ..
Just as all other researchers who have published virial
coefficients obtained from Padé approximants at least to our
knowledge, errors propagated from the uncertainties in
Table I are not reported. Indeed, such propagation would
give no information about the correctness of the predicted
virial series coefficient mean values, but will assign to each
predicted mean value a misleading variation correlated to the
known coefficient mean values. For instance, the variation
associated with the four predicted B5p values, obtained from
the known B1=1 ,B2 , . . . ,B4	 values, is zero, because the
uncertainty on the B1=1 ,B2 , . . . ,B4	 values is zero. How-
ever, the best predicted B5p value is 20% off the B5 value,
while the best predicted B10p value, which has the biggest
propagated error among the collection  values in Table II, is
only 0.1% off the B10 value.
Instead, we prefer to compare the best Bj
p predicted value
deviations from Bj collection  deviations in Table IV to
TABLE II. The  collection of best BL+M+2p values and the corresponding  collection of BL+M+3p values, their
deviations from BL+M+2 and BL+M+3, respectively, and the selected best approximants for BL+M+2, which generate
both collections.
L+M
The best
approximant
for BL+M+2
Collection
 of
BL+M+2
p
Deviation %
from BL+M+2
Collection
 of
BL+M+3
p
Deviation %
from BL+M+3
1 0 /1 16.000 60 64.000 248
2 0 /2 16.000 13 4.000 86
3a 0 /3 or 2 /1 33.727 20 61.938 56
4 2 /2 37.167 7 40.567 24
5 3 /2 53.409 0.1 69.320 1
6b 3 /3 or 4 /2 69.037 0.7 87.136 2
7 2 /5 86.331 0.6 109.56 4
8 6 /2 105.65 0.1 128.61 ¯
a2 /1 values are reported.
b4 /2 values are reported.
TABLE III. The  collection of BL+M+2
p values, their deviations from BL+M+2,
and the selected best approximants for collection  values, which generate
collection .
L+M
The best approximant
for  collection values
 collection of
BL+M+2
p values
Deviation % from
BL+M+2
3 3 /0 0 100
4 1 /3 59.490 49
5 3 /2 53.409 0.1
6a 3 /3 or 4 /2 69.040 0.7
7 2 /5 86.331 0.6
8 7 /1 107.44 2
9 4 /5 128.58 ¯
a3 /3 values are reported.
FIG. 4. Comparison of the , , and  collections. Deviations % of the
values in the , , and  collections from the corresponding Bj values.
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the reported Bj uncertainties Ref. 13 in Table I, for 7 j
10. We find that a knowing B1=1 ,B2 , . . . ,B6	, the de-
viation from B7 is 0.1%, while the uncertainty in B7 is
0.007%; b knowing B1=1 ,B2 , . . . ,B7	, the deviation from
B8 is 0.7%, while the uncertainty in B8 is 0.03%; c knowing
B1=1 ,B2 , . . . ,B8	, the deviation from B9 is 0.6%, while the
uncertainty in B9 is 0.1%; and d knowing B1
=1 ,B2 , . . . ,B9	, the deviation from B10 is 0.1%, while the
uncertainty in B10 is 0.4%. The significant conclusion is that
the precision of Padé approximant predictions strongly
increases, relative to the virial coefficient uncertainties, as
j increases from 7 to 10.
Thus, it is possible that, if the B11 coefficient was avail-
able and the B9 and B10 coefficients were revised, the coin-
cidence between the graphs for collections  and  Fig. 4
and Table IV would persist until j=10 and, perhaps, even to
j=11. Moreover, in such a case the predicted values for B12
and B13, using the method proposed here, would be even
more reliable than our present predictions for B11 and B12.
Collections  and  predict the same 128.6 value for B11,
although the corresponding approximants are not the same,
as shown in Table V. Considering the corresponding B12p val-
ues, these approximants also predict the same 155 value for
B12. The predicted B11=128.6 value is in excellent agreement
with the 1292 value predicted in Ref. 12 by means of an
equation of state based on molecular-dynamics data19 and the
127.9 value predicted in Ref. 13, using differential approxi-
mants. Moreover, the B12=155 value is also in excellent
agreement with the 15510 value in Ref. 12 and the 152.7
value in Ref. 13.
However, both the 6 /2 and the 4 /5 Padé approxi-
mants chosen in this work Table V correspond to positive
coefficients at least up to B40. Surely, this is not significant.
Both the 6 /2 and the 4 /5 Padé approximants do not
present real poles for 	
2 /6; thus the approximants pro-
duce real values for the pressure at  greater than the physi-
cal upper bound for . Probably, this is also not significant.
On this last topic, there is a very interesting discussion in
Sec. IX of an article by Loeser et al.21
V. CONCLUSION
This work leads to two important conclusions. One is
that the commonly used rule of the minimum value for
L−M to choose the best Padé approximant may not select
the best one, specially for virial coefficient predictions. For
instance, there are the 1 /1 approximant deviation from the
BL+M+2=B4 value 36%, but only 13% for the 0 /2 best
approximant, the 2 /3 approximant deviation from the
BL+M+2=B7 value 5%, but only 0.5% for the 3 /2 best ap-
proximant, and the 4 /3 approximant deviation from the
BL+M+2=B9 value in Fig. 1 6%, but only 1% for the 2 /5
best approximant. For this application, we suggest replacing
this rule by the use of the method, which generated collec-
tion .
The other conclusion is that, although several restrictions
should be considered in using Padé approximants, there is no
reason for not using this easy and rapid way to predict the
value of a Bj+1 coefficient of the virial series, given the val-
ues of the coefficients up to Bj. The criticism to the Padé
approximants in literature is valid but is not always appli-
cable. In this work, the values for B11 and B12 predicted
using more complex kinds of approximations12,13 are con-
firmed using Padé approximants. Moreover, among ten dif-
ferent approximants, within an almost 1% deviation seven
correspond to the same predicted value for B11 in Fig. 3 the
other three values present deviations greater than 20%, and
this value is also indicated by the 6 /2 approximant in
Fig. 2.
Thus, confidence in the proposed method seems justi-
fied. As explained in the Introduction, such confidence is
important for studies of vitreous transitions. Indeed, very re-
cently we obtained some preliminary results, which indicate
that, using these virial coefficients up to B12, the hard sphere
van der Waals spinodal22,23 curve presents its expected be-
havior near close packing. Should these results be confirmed,
they would produce another indication about the correctness
of the predicted virial coefficients.
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TABLE IV. Comparison of the , , and  collections.
j
 collection
deviations % from
Bj
 collection
deviations % from
Bj
 collection
deviations % from
Bj
3 60 ¯ ¯
4 13 248 ¯
5 20 86 100
6 7 56 49
7 0.1 24 0.1
8 0.7 1 0.7
9 0.6 2 0.6
10 0.1 4 2
TABLE V. Predictions for B11 and B12.
 collection  collection
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